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The purpose of this paper is to establish some new oscillation criteria for the second order linear delay differential equation
.Y"(t)+N(t)X(g(f))=O,
where u(t)tzC [O, co+ [0, cc) , u(t) f 0 on [t,,, %J) (t,kO). A nontrivial solution to (1) is called oscillatory if it exists on a half-line and has arbitrarily large zeros; otherwise, it is called nonoscillatory. Equation (1) is called oscillatory if all solutions of (1) is oscillatory.
The following lemmas are basic for all later discussions and the first lemma was due to Erbe, the proof may be found in [ 11. LEMMA 1.
Let g(t) satisf:)? (2) and uxsume x( f ) E 0"' E [t,, a ) satis#ies
Then ,for each 0 < E < 1, there is u t, 3 t,, such that x(g(t)) > Lx(t) q; f z 1,: 
where p(t) = g( t)/t, w(t) = x'( t)/x( t), and 0 <c < 1 is a constant lrhich is independent of x( t).
Proqf
Without loss of generality, we can assume x(t) > 0 for t 3 t, 3 t,. From (2) there is t,>t, such that x(g(t))>O for tat,. Since a(t)>,O, x"(t) 6 0 for t 3 t,. Hence x'(t) is nonincreasing, and x'(t) > 0, otherwise, it leads to a contradiction.
By Lemma 2, for each constant 0 <F < 1 there is t, 3 t2 such that
Integrating (9) from t3 to t, , we obtain
On the other hand, (9) implies w'(t) + w2(t) ~0 and hence (d/dt)( -(l/w(t)) + t) < 0, namely, 0 < w(t) < l/( t + C) where c is a constant. Thus lim, _ I w(t) = 0. Using (5) and taking limit in (lo), we have (6). Thus (7) holds for all large t. This completes the proof.
We introduce the function sequence
where cco(t) = E J~I' p(s) a(s) ds, a,,(t) = l: c~f ,(s) ds + c(,,( t), n = 1, 2 ,..., and F is a constant with 0 < I < 1. THEOREM 3. Assume that (5) holds, and that there exists a constant 0 < E < 1 such that one of the following conditions is satisfied:
(i) there exists a positive integer m such that cc,,(t) is defined .for n = 1, 2,..., m-1, hut
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(ii) a,,(r) is d&ed,for n = 1, 2 ,..., hut there is t* 2 1, such that lim x,,(r*) = z. (13) ,I' X~ Therz the equation (1 ) is oscillutory.
Prooj: Assume the contrary. Then (1 ) has a nonoscillatory solution x(t). Assume that -u(t) > 0 for t 3 r, 3 t,. Since -x(t) is a solution also. Let w(t) = x'( t)/x(t). By Lemma 2, we have IY( t) > Qt) for t 3 t, . Hence w2(t) > r;(t).
If (i) is satisfied. Suppose that m = 1. From (14) we get 1: c&.s) ds < f,X w>(s) ds< co. Thus a,(t) is defined, this contradicts the condition (i).
Suppose that m > 1, then by ( I 1) and (7), we have that
This implies j; ai, , (s) ds <p r?(~) u's < x. This contradicts the condition ( 12). If (ii) is satisfied, then we can obtain as in the above case that %,,(O < Mr), n = 1, 2,....
From ( 16), lim,, __ I cl,,(t) < M( t ) < x. This contradicts the condition ( 13 ). Applying Theorem 3, we obtain the following result. COROLLARY 4. Assume that there exist t, and constant, such that one of the jollowing conditions for t 2 t, is satkfied:
where Co > $ is a constant. Then ( 1) (18) holds, then al(t) = s? u:(s) ds + u,(t) > C,/t, where C, = Ci + C,. Hence (X2(t) = s: a:(s) ds + m,(t) 2 C,/t. Generally, we have that cc,,(t) Z CJt, where C, = Ci ~, + C,. It is easy to see that C, > C, _, , n = 1, 2 ,.... Since C, > 4, lim,,+ ~ C,, = a. Thus lim,, -x r,(r) = co, t E [f,, co ). By Theorem 3, (I ) is oscillatory.
If (17) holds, suppose l; p(s) a(s) ds = co, then by (10) we easily obtain that lim,+, w(t)=lim,,, x'( t)/x( t) = -co, which is a contradiction. If j; p(s) a(s) ds< co, it is obvious that (18) is satisfied, hence (1) is oscillatory.
If (19) holds, it is easy to obtain CL(t) 2 %(f)( 1 + c,, ~ 11, c, = C,( 1 + c, ,)I, n = 1, 2 ,....
Since a,,(t) is not identical with zero, there is t* > to such that cr(t*) > 0.
From (20) we get C, > C, _ i, n = 1,2 ,.... Since C, > t from (20) 1% + rC C, = 00, that is lim,+ co a,(t*) = co. By Theorem 3, (1) is oscillatory.
THEOREM 5. Let (5) hold. If there exist a constant E, 0 <E < 1, and nonnegative integer m such that cc,(t) is defined, and lim sup ta,(t) > 1, I--+% (21) then is oscillatory.
Proof: Let x(t) be nonoscillatory solution of (1) say x(t) > 0 for t >, t, > t,. Setting w(t) = x'(t)/x(t) and proceeding as in the proof of Lemma 2, we get 0 < w(t) < l/(t + c) where c is a constant. On the other hand, since c1,( t) < w(t) for t 3 t,, it follows that a,(t) < l/(t + c), and so (t + c) a,(t) d 1 which contradicts (21). COROLLARY 2.6. Assume that condition (5) holds. If there is a constant E, 0 <E < 1, such that a,(t) is defined for n = 1, 2,..., and lim a,(t)=a(t)<co, tE [to, a).
?I + cc Moreover, tf then (1) is oscillatory.
lim sup ta(t) > 1, r-00
Proof: Suppose that the condition (21) is not satisfied, then for constant E and each fixed nonnegative integer n, there is t, > t, such that tan(t) < 1, tat,.
This implies ccc(t) d 1, t >, t, , which contradicts (23). Thus there is a constant F and nonnegative integer m such that (21) holds, and so (1) is oscillatory.
